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Abstract. For 3 coefficients of SU(2) two quantities, the degree n and. the order s, are defined.
The first, the (polynomial) degree », is well known as the number of terms in the polynomial
part of the single-sum expression of the 37 coefficient minus one. The second, the (recurrence)
order m, is new. From an exhaustive computer search for non-trivial zeros of 37 coefficients,
it follows that both quantities play an important role in classifying the zeros. Explicit formulae
for all zeros of order 1 are obtained and several new infinite sequences of zeros related to Pell
equations are presented.

1. Introduction”

For the 37 and 6 coefficients of SU(2), there exists a class of zeros which kave been
called ‘non-trivial’ or ‘structural’ zeros as opposed to the ‘trivial’ zeros resulting from a
symmetry (3j coefficient) or due to a violation of one or more triangle conditions (37 and
6/ coefficient). In the encyclopedia volume The Racah-Wigner Algebra in Quantum Theory
(Biedenharn and Louck 1981}, this subject appears as Special Topic 10. Some non-trivial
zeros play a role in physics: the fact that the 6 coefficient

2 2 2.
3/2 3/2 3/2

is zero implies that quadnpole radiation from an aligned state having j = 3/2 to a ground
state j = 3/2 is isotropic; similarly, the zeros of 37 coefficiénts of the form

L L 2v
1 -1 0
have been important in the investigation of whether competing radiations exhibit different

angular distributions (Arfken et al 1951). These examples motivated the systematic study
of non-trivial zeros (Biedenharn and Louck 1981). '

|| Research Associate, NFWO (Belgium),

9 Laboratoire de la Direction des Sciences de la Matigre du Commissariat & 1'Energie Atomigue, CE dz Saclay,
France, i

17 E-maik: joris@numacs.rug.ac.be

1t E-mail: rao@imsc.ernet.in

0305-4470/93/112607+17$07.50 @ 1993 IOP Publishing Ltd ’ 2607



2608 J Raynal et al

Apart from this, there is also a mathematical motivation, since non-trivial zeros of
3j and 6 coefficients correspond to roots of special polynomials. Moreover, non-trivial
zeros have appeared in relation to excepticnal Lie groups and algebras (Koozekanani and
Biedenharn 1974, Biedenharn and Louck 1981, Van der Jeugt er al 1983, De Meyer et al
1984, Van den Berghe et al 1984, Van der Jeugt 1992), which seems to be another surprising
relationship stimulating further research.

Some studies in this area have been numerical in approach. Bowick (1976) shortened the
tables of zeros for 3 coefficients (Varshalovich et al 1975) and 67 coefficients (Koozekanani
and Biedenharn 1974), taking into account the symmetries discovered by Regge (1958,
1959). Here, all the symmetries will be taken into account.

In a systematic approach, the non-trivial zeros of 37 and 6 coefficients can be classified
by the minimum length of the single-sum expression for the coefficients. This minimum
length corresponds to the number of terms when the coefficient is rearranged as a generalized
hypergeometric series (Lindner 1983, Srinivasa Rao 1985, Srinivasa Rao and Rajeswari
1985). The number of terms in this sum minus one will be called the degree of the
coefficient (in some papers it is called the weight). Thus zeros of degree n (n > Q) are,
by definition, non-trivial zeros. The zeros of degree 1 are quite easy to find for the 3/
coefficients and explicit expressions for them, not taking Regge symmetries into account,
have been given by Varshalovich et al (1975). The zeros of degree 1 of the 6 coefficients
have been studied by Brudne (1985), Brudno and Louck (1985), Bremner and Brudno
{1986), Srinivasa Rao and Rajeswari (1987}, and Srinivasa Rao et al (1988); here the most
general parametrization requires a constraint equation amongst the parameters. Using the
Pell equation, Beyer er al {1986) showed that there are infinite sequences of zeros of degree
2 for 6 coefficients. Louck and Stein (1987) obtained the same result for 3 coefficients.
Algorithms for these two cases were obtained by Srinivasa Rao and Chiu (1989). For the
zeros of 6 coefficients of higher degree, Brudno (1987) found special cases where the Pell
equation can be used to generate them.

The original motivation for the present paper was an investigation of the distribution
of the zeros of 3, coefficients with respect to their degree r and the sum J of the angular
momentum quantum numbers involved (this sum is invariant for Regge symmetries), by
means of a greatly extended computer search. For low angular momenta, we originally
used integer arithmetic developed to compute coefficients of point harmonics for the cubic
group by Conte and Raynal (1985) and for the icosahedral group by Raynal (1985). Such
calculations are very slow and also limited in size by the fact that only prime numbers
smaller than 200 are used to represent integers. We realized that such a slow technique is
not necessary: the polynomial part or series expression of these coefficients is an alternating
sum, and the result obtained with floating-point operations divided by the sum of the absolute
values of the terms in the series must be smaller than the precision of the computer if the
coefficient vanishes. Candidate zeros were first selected using the usual double precision;
then quadruple precision was used to verify them. With quadruple precision, calculations
are so accurate that no doubt exists about whether a candidate zero is identically zero or
whether it is just a very small number, in the domain which has been scanned here. The
thresholds were generally set to 1071 for double precision and 10~ for quadruple precision
on a Convex computer.

The first computer search for the zeros of 3/ coefficients with J £ 240 gave many
zeros of high degree. However, inspection showed that most of these can be written with
small magnetic quantem numbers. This observation was the starting point for this work,
indicating that apart from the degree n a new quantity, the order m, can be introduced to
classify the zeros of 35 coefficients.
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In section 2, the notation for 3j coefficients is summarized. Some sets of 3j coefficients
which never vanish are discussed in section 3, In our terminology, these are 3 coefficients
of order 0. In section 4. we show how recurrence relations can give zeros near the
coefficients of order O and define the order m of a zero. In section 5, the equations for
zeros of order 1 are solved and these are given explicitly. Section 6 presents partial results
for zeros of order 2 and 3, and in section 7 some further results are deduced by inspecting
explicit computer lists of zeros. In particular, some new infinite sequences, of zeros are
presented. For 6 coefficients, a similar search for the zeros has been made and this will
be the subject of a following paper.

2. Expressions for the Jj coefficients

The 3 j coefficient of SU(2) is conveniently expressed as a generalized hypergeometric series
3F201]: '

(Z g ;) =CiFl-a—b+c,~b—f,—a+a;—a+c—pf+1,-btcta+1;1]
| (1)

where C is some non-zero factor. Whipple (1925) studied the different aspects of such
generalized hypergeometric series by introducing six parameters r; ({ = 0, 1,...,5) the
sum of which is zero. All the symmetries of the 3j coefficients can be deduced from
his results and a complete list of the 3 F;[1] applied to this problem was given by Raynal
{1978). However, for our purpose, we shall use the 3 x 3 square symbol 1ntr0duced by
Regge (1958): -

a b e —a+b+tec a—b+c atb—c
(a 8 ):‘ a+o b+p c+y (2)
4 a—a b—p c—y

in which the sum in any row or column is J = g4 + b 4+ ¢. The transposition and any
permutation of rows or columns correspond to the same value of the 37 coefficient, up to
a sign. Thus the 3; coefficient possesses 72 symmetries. The smallest integer z in this
symbol defines the ‘degree’ of the 3 coefficient and the number of terms of the 3 F»[1] in
(1) will be n + 1.

In the process of listing all the 3 coefficients of degree n for a given value of J, it is
useful to avoid duplication of coefficients which are related by any of the 72 symmetries.
For this purpose, we shall only consider Regge symbols of the following form:

J—x—z J—-—y—t n
X ¥ J—x—y|=Cshl-n—y,—zx—n+lt—n+111 (3
z H J—z—1
with

x+y+z4+t=J4n xzy=zizn x=tzn zztifx=1y). “4)

Using the Regge transformations, every symbol can be written in this standard form. Bowick
{1976) used the parameters [x,t,n, ¥ ~ n, z — n] introduced by Bryant and .Tahn {1960) to
define independent 3 coefficients, with similar conditions. '
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Using the notation
Ki=xx—-D...(x—i+1)

we obtain the symmetric expression

sFf—n, =y, —zix—n+ 1t —n+; z}—c”Zj( ) T @ir ) @i O

()

The expression for a 3 coefficient in terms of a 5 F;[1] series is not unique. The same 3
coefficient can be written by means of different 3 F»[1] series, all involving at least the same
number of terms. Raynal (1978) has summarized all these expressions. One of the nine
formulae in Raynal (1978) or one of the seven formulae listed by Varshalovich et al (1975)
is of special interest in the search for zeros. It has previously been obtained by Bandzaitis
and Yutsis (1964) and reads here as

3fy[—n, —z,—~J —l;—z—x,—z — ;11

When rewriting this as an alternating sum of integers as above, one can see that J+1 is a
factor in all these integers, except the first. Therefore, if J -+ 1 is a prime number, the sum
cannot vanish. This result was also obtained by Bryant and Jahn (1960).

3. Non-zero 3 coefficients

Motivated by the fact that many of the non-trivial 35 coefficients of high degree n seem to
have an expression with small magnetic quantum numbers, we approached the study of the
zeros from a different viewpoint. In this section we list four sets of 3 coefficients which
never vanish; they will be called 3j coefficients of order 0. In the following section we
shall see how non-trivial zeros of order m > 0 can be related to these non-vanishing 3
coefficients of order 0.

When » = 0, the 3 coefficient reduces to 2 non-zero constant. But the expression for
the 3j coefficient also reduces to a single term when x = z and y =t {the two last rows
of the Regge symbol are then equal) because the generalized hypergeometric series can be
summed with Dixon’s theorem (Dixon 1903). Two other theorems due to Whipple and
Watson, quated by Erdelyi (1953), give the same result when applied to other expressions
for the 37 coefficient. Using Dixon’s theorem (cf (4.4.5) in Erdelyi 1953) we get the result:

3B[—n,—x,—y;1—n+x,1—n+y; 1]

_1_,( In,1- —n+x+y,1—n+x1-—n+y) ©
l—n l—n+x+y1-tntx,1~lnty
With
a==x b=y c=x+y—n 2p=atbte=J
one gets, after some simplification, the well known result for the ‘parity’ 3j coefficient;

(a b c)_(_)p[(2p—2a)!(2p—2b)1(2p_26)!]1/2 o0
000/~ @p+ D! TET IR

(7
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if J is even, and

a b ¢
(0 0 0) =0 ®
if J is odd. So, if two rows or two columns of the Regge symbol are identical and if J
is odd, the 3 coefficient vanishes: it is a “trivial’ zero. In contrast, if J is even, the 3/
coefficient cannot vanish.

There are other sets of non-zero coefficients which can be deduced from this one by
means of recurrence relations. Among them are the 3 coefficients with magnetic quantum
numbers i% used to obtain matrix elements for particles of spin % in the helicity formalism
(Raynal 1967). Using, for example, the relation (A7) in Raynal (1979), one can deduce that
(for b integer, a and ¢ half-intepers):

! 1
{(2a+1)(2c+1)}”2(“; g f)+{(—a+b+c+1)(a+b—c)}*/2(“ai g ng)
2 2 . ,
1 1
+{(a+b+c+2)(a—b+c+1)}”2(““52 g “;2)=0 (9)
Again witha+ b+ c=J = 2p, we get
(a b c)_( 1),,+1[(2p—2a)!(2p—25)!(2;;_.26)1}1/2
-1 0 3/7 Qa+1)2c+ D2p + 1)1
2 p!
: . (10
“p-a-Dip—B)ip—c- ) (10)
if J is even, and - _
( a b f) _ (_1)p+3,2[(2p —2a)1(2p — 2b)!(2p _26)!]1_;2
-3 0 3 Qa+ )2+ 1DH2p + 1!
1
2(p + I -

o
(= a)p—b—Hi(p—o)!

if J is odd. None of these coefficients can vanish.
Another set of non-zero 3j coefficients for «, b and ¢ integer and J = a + b + ¢ odd
can be obtained. From (A7) in Raynal (1979) one can also deduce that

o -1 i
(b—c)(“ b c)={(a—b+c+1)(a+b—c)(b+1)c}1/2(g b3 Hz)

01 -1 L
—{la+b—c+Dia—b+c)blc+ D} (g b? c:ﬁ). (12)
This gives
(31 5)-cor [ el
2(p + ! 13)

X T 1 T
(p—a—Dp—-b—-Pp—c—3N!
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valid only for J = a + b + ¢ odd.

The non-zero 3/ coefficients of formulae (7), (10), (11) or (13) will be relevant in
studying non-trivial zeros with small magnetic quantum numbers.

It should be noticed that the expressions given here are not new: e.g. (13) can be obtained
from equation (1.52) in Rotenberg ez a! (1959) or from equation (3.7.15) in Edmonds
(1960), who used this in his derivation of the parity 37 coefficient. More recently, Rashid
(1986) rederived relation {13} using a complicated transformation between hypergeometric
functions. Some other formulae in the following section (but not all) have also been obtained
by Rashid.

4. The order m of a 3j coefficient

To define an order m, we consider recurrence relations between three ‘contiguous” 3j
coefficients as defined by Raynal (1978) (this is a generalization of the notion of contiguous
hypergeometric functions). The three-term recurrence relation which will be used here is
(Raynal 1979, part of equation (A7))

—S(a,b,c,a,ﬁ,y)(z z ;) T(abaﬁ)( -1 ﬁil ,c,)

=S(a,b,c,—a,—ﬁ,y)(§ ?; ;)+T(“=b=‘°‘"ﬁ)(mi1 ﬁil ;)
=—S(bcaﬁy,a}( ) T(bCﬁy)(a 551 },j_l)
=S, c,a,—B.—y, )(; z },)+T(b,c, -8, y)(a ﬂi’_l yil)
=—S(caby,aﬁ)(z g ;)fT("’“’V’“)(aH ; yil)
=S(c,a,b,—'y,—a,ﬁ)(; Z ;)+T(c,a,—y,—w)(ai1 g yil)
(14

where
S(a,b,c,a, B.y) =L@+ 1} +bb+1) —clc+ 1)) + B +3(x — )
T, b,a, B) = ((a +a)a—a+ 1) - G+ B+ )2

Now the notion of order will be introduced. The non-zero 3j coefficients of formulae
(7), (10), {(11) and (13) will be called of order m = 0. Using the recurrence relation (14)
once, for chosen values of (c, 8, y), one obtains up to six sets of 3j coefficients which
can be expressed in terms of those of order 0. These 3/ coefficients will be called of
(recurrence) order m = 1. They are the following.

(i) Setting @ = 8 = ¥ == 0 in (14), and using a symmetry for the 3 coefficient, we
get, for even J,

(a b c)=a(a+1)—b(b+l)——(.‘(c+l)(a b c)

o1 - 2{b(b+ Dele + D}72 00 0 (J even). (15)
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(ii} Setting (¢, 8, ¥) = (0,1, —1) in (14) and using the symmetries of 3 coefficients
and (8), we get two relations, both valid only for odd values of J. They are

(a b c)_a(a+1)—b{b+1)——c(c+1)+2(a b c)
0 2 =27 (B—DE+Dc—-DE+2)}2 \0 1 -1

a b ¢\ _ (b—a)ya+b+1) a b ¢
(11-4)*wm+n@—nw+mm(01 —J (/ odd). an

(J odd) (16)

For (17) a zero can be found only for ¢ = & and it is a tivial zero, since J is odd.
(iii) Setting (r, B, v) = (0, %, —%) (and wsing symmetries and relabellings for @, # and
¢), we get five new relations. They are

c)“a(aH)_b(b+1)‘C(C+1)‘(”+%)(G+%)+%(a b C)
~3J= {6 = DB+ - Ple+ ) 0 1

2
(J even) (18)

¢ )_a(a-{-l)—b(b+1)—c(c+1)+(b+%)(c+%)+%(a b c)

) (&= DE+De-De+hyr 0 3
(J odd) {19)
(a b c)_(a+§)(a+c+1)—b(b+1) (a
71 BB+ - D+ e

N
[an R
(][RR

TN
o R

w5
i

3
2

_ g_ (b) _c ) (J even) 20

1
2

(J 0dd) (21)

c )_ @+ 3)a—c)—bb+1) (a b c)
3T B+ DEe-Die+Dpr\; 0 3

TN
[STE )
— O3

1
2

a b oc)_ _CtH+ED@td e b o »
(1 —1 %)=— FOFSICE (% 0 _%) (J even or odd). (22).

For equation (22) a zero can be found only when @ = ¢ and J is odd. However, that
would be a trivial zero. This relation has been used by Raynal (1967) to express all the 3/
coefficients which appear in the helicity formalism with formulae (10) and (11).

By
order 1, with f =g+ b+ cand K = a{e + 1) — b+ 1) — clc + 1). is given. Some further

constraints are posed in order to have a unique classification of order 1 zeros. In the last two
columas, the number of zeros of degree larger than 1 obtained for each relation up to J = 300
and J = 3000 is given.

Table 1. The type and corresponding vanishing condition for a 3 coefficient : b C) of

Type o« B ¥ J Condition Constraints €300 <3000
I 0 I =1 Even K=0 : a>bze 68 1144
L 0 2 -2 0dd K+2=0 a>bzec 61 1087
I 0 £ -3 Even K+i-0+e+3) =0 a>bxc 50 934
v 0 3 -3 0dd K+i+@G+De+H=0 b>a>c 50 934
(@b)#c+1ic+1)
v y ~3 Even (a+iMa+tc+1)—bp+1)=0 as#tc . 62 1211
VI 11 -3 0dd (@+iMa-)—bB+1)=0 aFtc+2 115 2165
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Clearly, equations (15), (16), (18)«(21) give the zeros of the 3j coefficients of
{recurrence) order 1. The conditions for these cases, labelled by (I(VT), are summarized
in table 1. Herein, some further constraints are needed to have a unique classification of
order 1 zeros. For example, (a,b,¢) = (c + -é-, ¢+ 1,c¢) is seen to be a solution for the
condition {IV), however it follows from the Regge symbol that this corresponds to a trivial
zero and hence has to be excluded. Similarly, for those solutions of condition (V) with
a = c the Regge symbol can be transformed in such a way that it actuaily corresponds to
a zero of type (I).

The 3/ coefficients of order 2 are obtained with recurrence relations involving 3j
coefficients of recursion order O and 1 for the two other members in (14). More generally,
the 3 coefficients of order m are obtained with recurrence relations involving 3 j coefficients
of order m — 2 and m — 1 for the two other members. In order to characterize the order
m in another way, consider the Regge symbol associated with a 3f symbol. In this Regge
symbol, perform a transformation bringing the two rows or two columns with minimum
absolute difference (this is the sum of the absolute values of the differences member by
member) to the last two rows. Then, in the correspondence (2), one has:

(iv) if @, 8 and y are all integers

m = max{|«|, |8], ¥} if J is even
m = max{|e|, {8], ¥} —1 if J is odd
(v} if ¢, B and y are not all integers

m = |max{lel, |8, [¥]}]

where | x| stands for the integer part of x. o

Note that this definition gives the order m = —1 for the trivial zeros.

A complete classification for 37 coefficients of order 2 and 3 has also been obtained.
For order m = 2 there are 12 types and for m = 3 there are 17 types. Rather than give
all these expressions here, we shall only discuss a few typical examples in section 6. The
reader interested in the explicit conditions and solutions is referred to a separate report
{Raynal and Van der Jeugt 1993).

5. Parametrization of zeros of order 1

The six types of 3j coefficients of order 1 have been labelled (I-(VI) in table 1. The
corresponding expressions in the fourth column of table 1 give the conditions under which
a 3j coefficient of order 1 is non-trivially zero. These six conditions are quadratic in
the angular momentum quantum numbers @, b and ¢ and, in fact, they are quite easy to
solve explicitly. As a consequence, a complete paramefrization of zeros of order m = 1 is
obtained in this section. ) o

Consider first the 3 coefficients of order 1 and of type (I). Using

K=al@+1)—bb+1)—clc+1) (23)

the condition is £ = 0, which can also be rewritten as (@ — b)(g + b + 1) = c{c + 1).
Hence there exist two integers p < g without common divisor such that

a—b:c+l:ip=c:atb+1:q.
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Since (@ — b)g = pc, ¢ is a multiple of g, say ¢ == Gg. Substituting this in
{c+ 1)g = (a+ b+ 1p, it follows that Gg -+ 1 must be a multiple of p, say Gg+ 1 = gp.
Then the two relations yield ¢ = %(pG +gg—Dand b= %(qg — pG —1). To parametrize
these solutions, let Gy and g; be the smallest (non-negative) values of G and g satisfying
Gg+1=gp,andlet G =G +x and g = g; +y. It then follows from Gg 41 = gp that
xq = yp, so that x = rp and y = rg for some non-negative integer r.

To summarize, the zeros of type (I) can be parametrized as follows. Let p < ¢ be
positive integers without common divisor, let Gy be the smallest non-negative number for
which G4 + 1 is a multiple of p, and put g, = (Gg + 1)/p, then

a=(p*+ " +95+pGi— 1] b= L(g* — pPr + 981 — pG1 — 1]
c=pgr+4Gi J=(p+a¥gr+g)—2 - n=(g—ppr+Gi)

is a complete parametrization, with r any non-negative integer.

Another solution is found by exchanging ¢ and ¢ -+ 1. Then there are positive integers
P < g without common divisor such that g{a — b) = p(c-+1) and p{a + b+ 1) = gc, and
one obtains the following parametrization of zeros of type (I):

a = L[(p® + ¢®)r +ghy + pHy — 1] b=%l(g" — pP*)r +qhi — pHy — 1]
c= pgr+ phy J=(pt+taygr+hr)-—1 r={g—p}pr+H)-1

where r is any non-negative integer, and Hj and £; are the smallest values satisfying
Hg = hp + 1. This shows that every zero lies on two distinct infinite sequences. Indeed,
all zeros found by means (25) for some (p, g, ) value also appear in the zeros generated
by (24) for some different values (p’, ¢/, #'). As a complete parametrization of the zeros of
type (D), it is sufficient to use only (24).

Such an analysis can be performed for all the cases, giving rise to a complete
parametrization of the zeros of 3 coefficients of order 1. This method works here for all
cases since the corresponding condition can always be rewritten as a quadratic multiplicative
Diophantine equation of the form xyx2 = u;u3; such equations have also been studied by
Bell (1933) and Srinivasa Rao et al (1992). )

The zeros of order 1 fall apart into six types, each type providing two infinite sequences
of solutions. Since the goal is to parametrize the solutions completely, we give only one of
the two sequences here.

In order to give the parametrizations explicitly, we define the following numbers. Let
p and g be positive numbers without common divisor, with p < g. For & a positive
integer (we shall only need the cases k= 1,2, 3), two non-negative numbers Gy and g
are determined: G is the smallest nomber for which Grg + & s 2 multiple of p and g;
follows from grp = Grgq + k. One can verify that gx = kg1 mod ¢ and G; =&kG, mod p.
We now summarize the parametrizations for the six different types. .

For relation (I} a parametrization has been given by (24). The constraint & 2> ¢
corresponds to the limitation g4 = (1 + V2 p. The parity of J excludes ¢ even and
the necessity to obtain integer values for ¢ and b also excludes p even, so p and ¢ should
be odd, with any value of r starting from O if p # 1 and from 1 if p = 1 because ¢ =0
for r = 0 in this case. o

The relation (II) can be written as (a — b)(a+ b+ 1) = (¢ — 1)c + 2), that is
gla—b)=plc—1) and pla + b+ 1) = g{c + 2), giving the solution

a=3p"+ ¢ +qg+pGs~11  b=3(g* - p*)r+4g8 — pGs ~1]
¢=pgr+qG;+1 J=(p+q)gr+g)—3 n={(g—-p)pr+G;+1

(24)

(25)

(26)
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The condition b > ¢ gives the limitation already obtained for (I). The parity of J excludes
g even and the necessity to obtain integer values for @ and b also excludes p even, so p
and ¢ should be odd, with any value of  starting from 0 if p # 1,.3and from 1if p=1
or p =3 because ¢ = 0 for r = 0 in this case.

Relation (1) can be written as the following multiplicative equation:

Qa—=2b—c—YHCa+%+c+H=3C+He-1

that is g(2a — 2b — ¢ — %) = plc— %) and p(Ra +2b+c+ %) =3g(c+ %), giving the
solution

a =43¢ + pPr + 392+ pGa— 2]
b= 3l(g — p)(3q + p)r + (3¢ — 2p)g2 — pGo] e=pgr+4G;+3 (27
=1Gg+ p)gr+g) -2 n=3(g — p)(pr + Go)

where p and g are not multiples of 3. The constraint b > ¢ corresponds to the limitation

q > (1 + +/4/3)p. Here, g and p must be odd; if ¢ — p is a multiple of 4, all the values

of r are allowed; if this value is twice an odd number, » is restricted to the parity of g.
Relation (IV) can be rewritten as

Qa—2b+c+DRa+2b—c+3) =3+ N~

that is g(2a — 26+ ¢+ %) = plc — :.12-) and p(2a +2b —c+ %) = 3g{c+ %), giving the
solution

= H(3¢> + pYr +3gg2+ pG2 — 2]
= g+ p)(3g — p)r + B3 +2p)g2 —~ gG, — 4] (28)
c=pqr+qu+-2‘- J= -(q+p)(qr+gz)+1 = 2(q + p)(pr + G2).

where p and ¢ are not multiples of 3. The constraint # > ¢ corresponds to the limitation
g > p. Here again, g and p must be odd; if g + p is a multiple of 4, all the values of r
are allowed; if this value is twice an odd number, r is restricted to the parity of gs.

Relation (V) can be written as (a + %)(a +c+D=>b{FE+1), that is gla + %) = pb
and p{a@ +c¢ + 1) = g(b + 1), giving the solution

a=prr+pGi—%  b=per+gG  c="-pr+ez—-pGi—}
J={p+g)gr+a)-2 n={q - p)gr+g).

The triangular relation a + b £ ¢ implies ¢ < 2p. The parity conditions imply that g is
odd, and if p is even then r 4+ g; should be odd.

Relation (VI) can be written (o + %)(a —¢) = b(b+ 1), that is g(@ — ¢) = pb and
pla+ 1) = g+ 1), giving the solution

(29)

a=qgr+gg—L  b=pgr+gG  c=(-pIr+a9n-pG -4
= (29 — p){(g + p)r + g1 + G1] n = (g — p)pr + Gy).

There is no limitation other than g > p. The parity conditions imply that p is odd and, if
g is even, then r + G should be odd.

All the zeros of order 1 of the 3j coefficients are given by the above formulae as
fonctions of the three parameters p, g and r, subject to the restrictions.

(30)
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6. On zeros of order 2 and 3

In the previous section, we have shown that the equations for the zeros of order 1 can easily
be solved. The equations for zeros of order m > 1 are definitely more difficult to tackle.

There are 12 types of zeros with order m = 2, and 17 types of zeros with order m = 3.
These types are summarized in tables 2 and 3, respectively. For m = 2 and 3, we do not
explicitly give the corresponding Diophantine equation here; this can be found elsewhere
(Raynal and Van der Jeugt 1993). However, we do include the degree of this equation, and
the number of solutions for J £ 300 and J < 3000. '

Table 2. The types of 3/ coefficients (: g ¢

cotresponding vanishing condition is not given explicitly. The last three columns show the
degres of this equation, and its number of solutions for J < 300 and for J < 3000.

of order 2, with Jf = a+b+c. The

Type - o I J Degree <300 <3000
2.1 0 2 =2 Even 4 14 19
22 I 1 -2 Even 4 1 2
2324 0 .5 -3  Evewodd 4 612 1017
2.512.6 I 2 -3 Evenlodd 4 ¥3 S
2728 3+ -2 -2 Evenodd 3 725 31214
29210 4+ 2 -2  Evenfodd 4 6/16 13130
211 0 3 -3 0d 4 8 12
212 1 2 -3 Od 4 0 2
a b ¢

Table 3. The types of 3f coefficients (

o

of order 3, with J = e+ &+ c¢. The

corresponding vanishing condition is not given explicitly. The last three columns show the
degree of this equation, and its number of solutions for J < 300 and for J < 3000,

Type o B ¥ J Degree <300 <3000
31 © 3 -3  Even 6 8 10
3.2 1 2 -3 Even 6 - 4 4
33034 0 % -1  OEvenfodd 6 ML 12114
35/3.6 1 3 -1  Ewenbdd 6 o 03
3.7/3.8 1 3 -3  GBvenodd 5. 6/18 8725
3.9/3.10 2 2 -3  Bvenodd 4 Mmoo 1
311312 3 3 -]  Evenfodd 6 921 13/34
313304 3 2 -1  Evenedd 6 43 54
2.15 0 4 -4 odd 6 6 6
2.16 1 3 -4 odd 6 0 0
217 2 2 -4 Odd 4 2 8

The actual Diophantine equations can be found using recurrence relation (14). For

K(K+2)—ib(b+1)c(c+1)=o=>(

a b ¢
0 2 -2

example, setting (o, 8,¥) = (0,1, —1) in (14) for J even yields, after some algebraic
manipulations,

(31)
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where K is given in (23). This is the equation for zeros of type (2.1); the remaining
equations are found similarly. Just as in the case of order 1, there are certain constraints.
For example, for type (2.1} described in (31), ¢ 5% @ since for ¢ = a we have

a b a b a+1 a-—1
: (o 2 —2)‘ (o 1 - ) (32)
and it would correspond to a zero of order 1, of type (I}. There are a number of other
constraints which we do not list here.
In contrast to the situation of order 1, we have not succeeded in giving all solutions for
the zeros of order 2, except for zeros of type (2.7) and (2.8). For the other types except
(2.9), we can always give infinite sequences of solutions, however these do not produce all

solutions. For example, we cannot solve the equation of (31) completely, but the following
describes two infinite sequences of twin solutions:

a=Y>xY +2)/2 b=(Y2xY)2 c=(X-1)/2
where X and ¥ are two integers satisfying the following Pell equation

X2 -8y =17. : (33)
If (X,, ¥,,) satisfies (33), then so does {X,41, ¥as1) with

Xpq1 =3X, + 87, Yowi = Xp + 37,

Since for any value of (X,, ¥,,) there are two zeros, one can generate two sequences of twin
zeros with initial starting values (Xg, ¥o) = (5, 1) and (X, ¥p) = (7, 2). This shows that
there are an infinite number of zeros of order m = 2 of type (2.1).

The zeros of type (2.7) and (2.8) deserve further attention, since in this case a complete
solution can be given. We describe here only the ones of type (2.7); (2.8) is similar. For
(2.7), J even, the Diophantine equation is
a
1

@+ e — D +2) =(a+b+2)(a+b)(a—b)=>( _"2) =0. (34)

taur O

2

Let p > g be two integers without a commeon divisor. Using a +% = pY, b+% =qY and
2¢+ 1= X/p, the condition can be rewritten as

X*—4p(p —q)p + 9)’Y* = p(5p +49). ' (33)

For every p and ¢ this is a Pell equation in X and ¥, and sequences of solutions can be
obtained as for the Pell equation (33). Every zero of type (2.7) belongs to such a sequence,
for some p and ¢.

The situation for zeros of order 3 is similar to that of order 2. Here, none of the 17 types
has been solved completely, but for some types we were able to show that they possess
infinite sequences of solutions, related to some Pell equation. We give one example here.
For zeros of type (3.9), with J even, the equation can be written in the following form:

[a(@+1) — b+ DIK +1 — (& — )6+ e — Dic +2) +clc+ Dia — B+ 1)

=0=>(§ _'2,):0. (36)

2

[ETL R o)
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Table 4. The number of zeros of degree n for 3, coefficients as a function of J =a 4+ b4-¢
is the sum of the two figures given in this table. The second figure is the number of zeros of

order m £ 3.

J n=1 n=72 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11
1-30 13,19 4,9 5,0 02 00 G0 00 00 00 00 0,0
31-60 138, 31 34,26 13,8 7,8 3,2 0,4 0,1 0,6 0,3 0,0 0,0
61-90 334, 35 65,15 29,6 158 53 0,8 1,1 0,9 0,1 0,3 Q0,2
91-120 552,32 128,17 39,5 17,5 40 2,5 0,0 2,79 01 0,6 0,0
121-150 725,32 101,13 37,0 91 2,0 1,3 1,1 0,4 1,1 0,2 0,0
151-180 1034,32 _ 150,20 47,2 17,1 7,070 O, 1 1,0 0,3 0,0 0,4 0,0
181210 1336,32 182,10 40,1 20,1 60 2,2 40 0,4 0,0 0,4 1,1
211240 1513,32 184,8 43,0 7,2 30 0,1 60 00 0,0 02 0,0
241-270 1785,32 147, 4 46,1 12,0 1,1 1,0 a8, 1 0,0 0,0 0,0 0,0
271-300 2239,35. 283,35 38,0 9,0 6,0 2,1 1,0 0,1 0,0 0,35 0,0
301-331 2375,32 176, 3 35,0 12,0 3,0 0,1 0,0 0,0 0,0 0,1 0,0
331360 2726,32 198,2 51,0 8,1 2,0 20 1,1 0,06 00 00 0,0
361-390 2995,32 250,35 36,0 17,0 L.¢ 00 0,0 1,1 0,0 0,0 0,0
391420 3425,32 247,2 52,0 60 00 00 00 01 0,0 0,1 0,0
421450 3658,32 236,0 40,0 770 2.0 0,0 00 o0 0,0 0,0 0,0
451480 3985,32 276,0 47,0 . &0 0,0 0,0 0,0 0,0 0,0 00 0,0
481-510 4228,35 263,5 56,0 14,0 5,0 2,0 0,0 0,1 0,0 0,0 0,0
511-540 4716,32 2821 50,0 14,0 7,0 1,0 0,0 0,0 0,0 g, ¢ 6,0
541-570 4770,32. 281, 0 56,0 14,0 4,0 1,1 0,0 g0 0,0 0,0 0,0
571600 §500,32 266, 1 46,0 7,0 2,0 0,1 0,0 oC¢ 00 0,1 0,0
601-630 5790,32 320,0 47,0 g1 1,0 &0 0,0 0,0 1,0 0,1 0,0
631-660 5852,32 281,0 42,0 50 0,0 0,0 0,0 0,0 0,0 0,0 0,0
661-690 6289, 32 .279,1 42,0 10,0 3,0, 0.0 1,0 0.0 0,00 1,0 0,0
691-720 6895, 35 324,1 51,0 6,0 .1,0 " 0,0 0,0 0,0 o0 0,0 0,0
721-750 6915,32 . 304,0 56,0 40 00 G0 00 00 00 01 0,0
751-780 7536, 32 285,0 40, 0 506 00 0,0 0,0 0,0 0,0 0,1 0, 0
781810 7558,32° 299,2 61,0 150 1,0 o0 o0 0,0 00 00 0,0
811-840 8585,32° 323,0 39,0 4,0 1,0 L0 00 00 0,0 00 ~ 0,0
841-870 8314,32 356,0 41,0 4,0 1,0 0,0 o0 00 0,0 0,0 0,0
43,0 -3,0 1,0 0,0 0, 0 0,0 0,0 0,1 0,0

871-500 9088,32 343,0

A sequence of solutions is given by
a=0QX+1)/6 b=(X+2)/6 c=(¥ -1)/2

where X and Y are two integers (with X mod 6 = 1 and ¥ odd), satisfying the following
Pell equation . -

X?—37%=-26, ‘ (37)
If (X, ¥,) satisfies (37), then so does (X,41, ¥y+1) with
Xoy1 =7X,+12Y, Yo =4X, + 71,

and, moreover, X,.; mod 6 = 1 and ¥, is odd. Here, one can generate two sequences of
solutions with initial starting values (Xg, ¥g) = (43, 25) and (Xo, Yo) = (109, 63).

7. Further results and comments

The zeros of low degree 1 £ 12 have been found up to J = 900 and their number is given
in table 4. From this table, one can indeed verify that the majority of zeros of high degree
n seem to have low order m. In this section, we shall discuss some further resulis which
follow from the table and from explicit lists of structural zeros.
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The parameters x, y, z and ¢ of (3} will be used here. However, for the convenience of
discussion, we shall not use the restrictions (4) which were introduced to take into account
symmetries: x and ¢, y and z, and also the couples (x, ¢) and (y, z), may be interchanged.

The zeros of degree n = 1 are obtained by the equation x¢ = yz. They can be written

a b c¢\_{(pd gd (p+qd-1
(“ B Jf)”(pa g8 —(p+q)s) (38)

where p and g are two integers without a common divisor, d is an integer or half-integer
larger than 1 and [8] < d with 4 4+ & integer. The value 4 = % gives only 3 coefficients
of degree 0, which cannot vanish; the value d = [, 8 = 0 gives a wrivial zero. Note that the
value F+ 1 =g+ b+ c+ | =2({p -+ g)d must be divisible by 24 > 2 and thus cannot
be twice a prime number. From J = 8 onwards, there exist zeros for all the values of
J + I which are not a prime number nor twice a prime number. For J < 900, there are
121 827 of them. The maximum number of zeros obtained for a single value of J is 1048
for J = 839. o

There are 7021 zeros of degree n = 2 for J £ 900. For a fixed value of J, there can
be many of them; up to 73 for J = 594 and for J = 714. The zeros of degree 2 have been
studied by Louck and Stein (1987) who obtained infinite families with fixed values for two
parameters, one of each set (x, £} and (y, z).

There are 1306 zeros of degree n = 3 for J < 900, for 441 different values of /. From
the list of zeros, we noticed that 422 of them satisfy the relation x(z — 1) = {(y — 1)}{z — 1).
Introducing two integers p > g without a common divisor and writing x = p(y — 1)/g,
z = 14 p(t — 1) /g, the condition for a zero of degree n = 3 reduces to the simple equation
(p+2¢)t = (p —q)y. Hence we put

p+2g g

as

p—q h
where ¢ > & has no common divisor. Then t = Sk and y = Sg for some integer
S, substituting this in the expressions for x and z yields x = p(Sg — 1}/g and z =
14 p(Sh — 1)/g. Since x and z should also be integers, let s be the smallest integer such
that g is a divisor both of sg — 1 and of sk — 1. Then § = s+ rg, with r any integer, gives
the most general solution:

x = p((sg — 1)/q) +r(gp) y=sg+rigqg)
z=14+ p((sh - 1)/g) +rhp) t =sh+r(hq).

This is a parametrization for a large class of degree 3 zeros, and shows that there are infinite
sequences of zeros with n = 3.

There are 314 zeros of degree n = 4 for J < 900, 30 of which have order m < 3. For
degree 4 we were also able to deduce two infinite sequences of solutions from inspection
of the explicit list of zeros. We give one example here:

J=1d+2@d+11)  x=i@d+DGEd+2  y=3d+5 z=3d =9

where d = 2 is an integer. . -

There are 78 zeros of degree n = 5 for J < 900, of which only six have order m £ 3.
As the degree n increases, one can see from table 4 that the number of zeros with order
m > 3 decreases very rapidly. For J < 900, this number is 15, 10, 3, 2, 1 and 1 for zeros of
degree n = 6,7, 8, 9, 10 and 11 respectively. The corresponding zeros are given explicitly
in table 5. For n 2 12, no zeros with m > 3 have been encountered for J < 900.
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Table 5. Zeros of 3 coefficients of order m > 3 and degree 6 < n < 11 with J < 900. If
n > m the 3j coefficient corresponding to the Regge symbol (3) is given in the last columns.
If n < m, it is replaced by the 3/ coefficients with the smallest magnetic quantum numbers. If
m = n, the two coefficients are given.

J m n x ¥ z t a b c o B ¥
97 5 6 35 22 17 . % £ 3 1 2 5
120 7 6 3% 32 2a 33 F & 5 4 _F -7
134 5 6 4 35 24 33 & 8 3 o 4 -4
189 47 6 132 43 13 7 M o2 B L g 1
00 35 6 119 60 19 8 6 34 97 50 2% 76
259 87 6 189 36 31 9 uo £ = 9 o _I&
287 65 6 18 63 26 18 106 % Z g0 £ -ZE
288 10 6 9 78 62 59 BB o 2 2 -26
338 5 6 18 95 37 23 113 5% 16 76 36 —lI2
347 8 6 136 121 40 56 8 I M 4 & 18
494 41 6 46 164 4 46 145 105 244 101 59 -160
49¢ 40 6 261 185 29 25 145 105 244 116 80  -19
531 104 6 288 130 8 34 P g L B 4 2
560 125 6 378 143 30 15 204 79 277 174 &4 -238
82 249 6 630 157 38 I3 33 8 413 296 72 -368
89 9 703 2 18 17 3 2 4 e s ~13
145 7 7 52 3 23 38 I I e Z : -15
- 60 81 61 1 12 _1s
7 2 Z
177 7 7 -6 4 23 38 46 46 85 23 g8 -31
T S S
s 2 7 17 58 9 9 e &£ 2 s 2 X
187 4 7 6 57 32 3% g9 I 12 1 7 -3
208 62 7 156 34 14 1 8 0 oy 71 Le
W 13 7 6. 61 32 59 48 60 . 101 16 1 =17
289 77 7 188 48 38 22 113 35 141 75 13 -88
357 8 7 154 136 28 46 91 91 175 63 45  -108
665 164 7 475 158 25 14 250 86 329 225 72 -297
s 19 8 6 28 15 14 B g M3 7 -8
16 19 8 6 2 16 1 ¥ B s B L _35
361 13 8 118 92 66 93 92 M 3 26 -1 -3
146 6 9 52 40 25 3 B 4 & i & -
611 16 9 215 215 78 112 ¥ W 39 B W g3
667 163 10 477 159 25 16 251 I & ¢ 0 38
188 4 11 6 6 32 4 F I 3 3 2 —4

8. Conclusions

We have studied the structural zeros of 3/ coefficients. In previous works, these zeros
have been studied and classified according to their degree n. An extended computer search
for such zeros indicated that a new parameter, the recurrence order m, could be helpful
in classifying the structural zeros. This new parameter was defined, and the equations for
zeros of order m = 1 were completely solved. Zeros of order 2 and 3 were classified, and
infinite sequences of solutions were presented; these solutions are not, in general, complete.
Regarding the degree of non-trivial zeros, it was known that there were an infinite number
of degree 1 and 2. Here, the explicit computer list of zeros was helpful in finding infinite
sequences of zeros of degree 3 and 4. Tt is not known whether the number of zeros of
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degree n, where n > 4, is finite or infinite.

Table 4 presents the frequency of zeros for J-intervals emphasizing the ‘degree versus
order’ theme of this paper. If we consider the zeros with n > m and arrange them according
to increasing values of m, it appears that there are no zeros of high order. In the range of
this search, there is only one zero of order m = 6 with degree n = 9, there are two zeros
of order m = 5 with degree n = 6 and five zeros of order m = 4: three with n = 3, one
for n = 7 and one for n = 11. Conversely, if we consider the set of zeros with n € m and
arrange them according to n, then it appears that there are no 2eros of high degree. In this
set (for J < 900), we found only one zero with # = 10, two with n = 9, three with n = 8,
and a small number with n = 7 and r = 6; all of these are given in table 5.

The reader interested in a detailed analysis of order 2 and 3 zeros, and in a further
classification of zeros of degree 2, 3 and 4, is referred to a separate report (Raynal and Van
der Jeugt 1993). For 6j coefficients, a similar analysis is now being performed and we
hope this will be the subject of a future paper.

All the manipulations of algebraic expressions have been done using the AMP language
written by Drouffe (1982).
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